
1 

 

MOND for Dummies 

David G. Levitt 

Department of Integrative Biology and Physiology, Emeritus 

University of Minnesota 

levit001@umn.edu 

 

I. Introduction  

 It is astonishing that there is a deep mystery and controversy about something as 

apparently simple as the dynamics of our galaxy, the Milky Way.  This is not a problem with 

something esoteric like quantum field theory or general relativity, this is a problem at the level of 

simple high school physics, ie, Newton’s laws and gravity. It is not about disagreements between 

theory and experiment of fractions of a percent, but, rather, 5-to-10-fold errors.  I am referring to 

the problem of the rate of the rotational velocity of gases at the outer fringes of spiral galaxies. 

The steady state rotational velocity is the resultant of the balance between the centrifugal force 

and the gravitational force from the mass of the rest of the galaxy. The observed velocity is 

greater by a factor of two or more than is predicted from Newton’s laws and the known 

experimental mass density of the stars, gases and dust.  To account for this using standard 

Newtonian theory, it is necessary to postulate that there is some extra missing mass, representing 

about 75% of the total galaxy gravitational mass, that is made of some exotic particle(s) referred 

to as “cold dark matter” (CDM).  Despite enormous experimental efforts to directly detect CDM, 

representing hundreds of sophisticated searches using everything from the large hadron collider 

at CERN to exotic underground detectors, all have come up with absolutely nothing, not a hint 

about what CDM is.(1)  These searches have ruled out all of the most reasonable suspects.  Even 

if CDM actually did exist, it is a weird situation that 75% of the universe mass is unknown, but, 

even weirder, there is strong evidence for an alternative theoretical explanation for the galaxy 

rotation curves that, if correct, means CDM does not exist, which, of course, would account for 

the negative results of the direct detection experiments.   

 The alternative, Modified Newtonian Dynamics, MOND theory was first proposed in 

1983 by Mordehai Milgrom (2-4).  In place of postulating missing mass to account for the 

rotational gravitational force, Milgrom proposed that, for the extremely small gravitational force 

(and resulting rotational acceleration) at the outer fringes of galaxies, Newton’s second law 

(Force = mass x acceleration or F = m a)) does not apply and should be replaced with the 

modified relation: 

(1) 2

0/F m a a  

where a0 (≈ 1.2 x 10-10 m/sec2) is a fundamental new parameter that characterizes the 

acceleration range where this modification takes over (a< ao). Compared to CDM, this 

modification provides a much simpler (fewer adjustable parameters) and more accurate 

description of the galaxy rotation curves (see below). This acceleration range is so small that it 
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does not contradict any earth-based measurement.  For example, the weakest force that has been 

directly measured is that of the gravitational force of the sun acting on the voyager spacecraft, 

now 2.3 x1013 meters from the sun, with a corresponding acceleration of 2.5 x10-7 m/sec2, a 

thousand-fold greater than a0.   

Not surprisingly, MOND was originally regarded as one of the many “crackpot” theories 

that are proposed yearly. The typical history of these theories is that they are designed to explain 

one particular observation (ie, galaxy rotation curve) but as soon as anyone bothers to apply the 

theory to another experimental situation, they can be immediately eliminated.  The remarkable 

aspect of Milgrom’s MOND theory is that, over the 40 years since it was proposed, it has stood 

up to these numerous attempts to prove it wrong (although there have been some inconsistencies, 

see below).  Of even more importance, MOND has predicted some remarkable new experimental 

results.  

These problems and mysteries surrounding CDM are a well-kept secret in the popular 

science press. For example, in the recent, otherwise excellent, five-part PBS NOVA series on 

“The Universe Revealed”, CDM was treated as if it was just another experimental fact, with not 

a hint about the failures of direct searches or the controversy about an alternative, fundamentally 

different theory. What accounts for this secrecy?  Over the last 60 years, astrophysicists and 

cosmologists have developed a self-consistent cosmological model known as lambda cold dark 

matter (ΛCDM) that has successfully explained a wide range of experimental results (see below 

for details).  Since this ΛCDM model interacts with nearly every astronomical experiment, most 

astrophysicist’s entire research life has been based on the assumption that ΛCDM is correct and 

CDM has become just another fact of life. In contrast, for someone coming fresh to this area 

without bias and trying to learn about modern astrophysics and cosmology, this mystery and 

controversy dramatically stands out as, unquestionably, the most important unsolved problem in 

physics, and maybe all of science.   

 One of the most prominent experimental investigators of the MOND versus ΛCDM issue 

is Stacy McGaugh, an astrophysicist at Case Western University. McGaugh started his research 

career as a ΛCDM modeler and only, reluctantly, became interested in MOND because of his 

frustrations with ΛCDM.  In addition to his many publications, McGaugh has a blog 

Tritonstation on which he posts extremely informative, detailed discussions about most of the 

current issue and debates on the question of galaxy structure and formation and the interpretation 

of the results in terms of MOND/ΛCDM. Because of his background in both ΛCDM and 

MOND, these posts focus on the experimental results and the modern attempts to explain them 

from both points of view and references to these posts are used throughout this review. The Dark 

Matter Crisis is another blog that provides a forum for news and articles that highlight the 

“crisis” facing the ΛCDM paradigm. 

 In reading these posts and publications directed at the professional astrophysicist, it is 

easy to lose track of what, I believe, are the crucial issues, which I have listed here:  1) MOND 

begins with the astounding assumption that Newton’s laws need to be modified for the very low 

forces and accelerations that are involved in galaxy dynamics, which, if true, should be the 

https://tritonstation.com/new-blog-page/
https://darkmattercrisis.wordpress.com/
https://darkmattercrisis.wordpress.com/
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biggest story in physics.  2) MOND makes, at least, two simple, general predictions about spiral 

galaxy structure that are nearly perfectly confirmed experimentally, predictions that are very 

difficult to duplicate using the conventional ΛCDM model.  3) If MOND is correct, then CDM 

does not exist and the whole edifice on which conventional astrophysics and cosmology is built 

collapses.    

 The purpose of this article is to present a brief, highly focused analysis that specifically 

addresses these three main points.  This subject is unique because, unlike any other area at the 

frontline of current physics research, much of the underlying physics and math of MOND is 

elementary and this review has been kept at the level of freshman physics. It is designed for 

someone with no background in astrophysics that wants a brief introduction to the main issues 

and experimental basis of the MOND/ΛCDM controversy. Although there are many excellent 

reviews available, they are either too technical or detailed to serve this purpose. Banik and Zhao 

(5) have written a recent, authoritative, nearly encyclopedic, review that carefully addresses all 

of the important issues. Milgrom (6) maintains an up to date, wide-ranging entry on Scholarpedia 

that is a valuable resource on all aspects of MOND, and David Merritt (7) has published a 

wonderful book length discussion of MOND for a general audience with a special focus on the 

philosophy of science issues presented by the MOND vs ΛCDM paradigms.   

 Although the predictions of MOND have now been applied to a wide range of 

astronomical results, the application to spiral galaxies remains the most dramatic and significant 

test of MOND and will be the major focus of this review. McGaugh views MOND’s spiral 

galaxy predictions as analogous to Kepler’s laws of planetary motion.  Similar to the way that 

Kepler’s laws were used to develop Newton’s general theory describing all of dynamics, MOND 

is providing hints about how Newton’s dynamics need to be modified.  Although there is 

extensive theoretical work directed at developing a general modified theory of gravity that 

extends MOND to, eg, cosmology, these theories are still unsettled and are beyond the physics of 

this review.    

    

II. Lambda Cold Dark Matter Model (ΛCDM) 

 Cosmology is the description of the universe: its origin, evolution, structure, dynamics 

and ultimate fate.  These are fundamental questions that have been part of the human inquiry 

throughout recorded history as illustrated by the cosmological origin stories of almost all 

religions.  One of the major triumphs of 20th century physics was the development of a physical 

cosmology that provided an experimentally based, detailed answer to many of these questions.   

 There are two, coupled, physical theories that are at the foundation of current physical 

cosmology.  The first is the Big Bang nucleosynthesis model (BBN) that, using experimental 

high energy laboratory data, accurately predicts the evolution during the first 3 minutes of the 

universe of the abundances of hydrogen and helium and the subsequent production and 

abundance of all the other elements in stellar processes. In addition, it provides a self-consistent 

explanation of the observed expanding universe. The second is the ΛCDM model which, when 
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coupled to the BBN, provides a description of the evolution and large-scale structure of the 

universe.  An essential assumption of ΛCDM is that only about 16% of the gravitational matter 

in the universe consists of the H, He and other elements (referred to as “baryons”) created by the 

BBN, with the remaining 84% made up of the exotic, mysterious “cold dark matter” (CDM) that 

has no known interaction with baryons except by gravity.  

 The most compelling evidence in support of ΛCDM comes from the detailed 

experimental measurement of the cosmic microwave background (CMB) radiation.  The CMB 

represents the photons (radiation) that were present at the time the Big Bang universe cooled to 

about 3000 °K (380,000 years old), and light stopped interacting with matter.  As the universe 

expanded, this radiation cooled until it reached the present black body frequency spectrum at a 

temperature of 2.725 °K.   Although the CMB temperature is remarkably spatially uniform, with 

an angular variation across the sky on the order of 10-5, this tiny spatial anisotropy has been 

accurately measured, first, by the Wilkinson Microwave Anisotropy Probe (WMAP) satellite 

(2001 to 2010) followed by the higher resolution Plank satellite (2009 to 2013).  Complex 

physical modeling of this anisotropy provides direct, highly accurate values for the ΛCDM 

parameters, including the CDM and baryon mass density.  

The mass density in the universe is usually expressed in terms of the dimensionless 

parameter Ω which is the density relative to the “critical density” ρc: 

(2) 
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where H is Hubble’s constant (~ 1/13.6 billion years) which characterizes the expansion rate of 

the universe and G is Newton’s gravitational constant. The critical density ρc determines the 

cosmological curvature (k) of the universe: 
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The most recent CMB anisotropy analyses yield a baryon mass density ΩB = 0.0493 and a total 

gravitational mass density ΩM =0.3053, so that the corresponding CDM density = ΩD = ΩM – ΩB 

= 0.256, 5.19 times larger than the baryon density. The CMB analysis also indicates that the 

universe is flat and, therefore, the total Ω =1.(8)  Since the total mass density ΩM is only 0.3053, 

the remaining mass (energy) is postulated to be “dark energy” which corresponds to Einstein’s 

cosmological constant lambda (the Λ of ΛCDM) with a dark energy density of ΩΛ = 1 – ΩM = 

0.6847.(8)  Because this dark energy does not affect the internal dynamics of galaxies or galaxy 

clusters, which is the main focus of this review, it will not be included in the following 

discussion.  Because these parameters are highly sensitive to the anisotropy data, these density 

estimates are accurate to better than 1%. The CMB is sensitive primarily to gravitation fields of 

about 20 a0, fields larger than the important domain of MOND.(5)  Despite this, the 

extraordinary agreement seen in fig. 1 between the latest Planck experimental CMB temperature 
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anisotropy data (red dots) and the ΛCDM theoretical predictions (blue line) provides what has 

come to be viewed, traditionally, as incontrovertible proof supporting ΛCDM.(8)   

 

Figure 1Multipole plot of CMB 

In addition to its success in modeling the CMB, the ΛCDM also is successful in modeling 

other large scale structure data.  For example, the recent results of the “Dark Energy Survey”,  a 

large international collaboration that analyzed an enormous set of data images providing 

information about galaxy clustering and weak lensing, independently confirmed most of the 

ΛCDM parameters.(9)  Weak lensing provides direct measurement of the total mass density 

(CDM plus baryon) responsible for the gravitational bending of light passing near massive 

galaxies.  

 Although ΛCDM has had great success in describing this large scale structure (ie, CMB), 

it has much more difficulty modeling local structure formation, such as the structure, dynamics 

and spatial distribution of galaxies. Galaxies must condense out of the nearly uniform density 

universe and ΛCDM should be able to model this. However, as discussed in the next section, it is 

difficult to explain the details of the galaxy dynamics without invoking all sorts of arbitrary and 

messy assumptions involving adjustable parameters that must be varied from galaxy to galaxy.  

In marked contrast, MOND provides an exceedingly simple and natural explanation for the 

galaxy dynamics, with no adjustable parameters.       

III. Spiral galaxy rotation curves.  

Spiral galaxies (of which the Milky Way is an example) are relatively thin disks of stars 

and gas that are in a quasi-steady state with the central gravitational attraction exactly balanced 

by centripetal rotational acceleration (fig. 2). Thus, the observed rotational velocity should be 

directly related to the galaxy mass distribution.  The mass component of galaxies that can 

directly observed is referred to as “baryonic” matter, ie, composed of protons and neutrons. 

Although there is some uncertainty in measuring the baryonic mass, these errors are quite small 

in many galaxies, and direct measurements of the mass density (stars, gas, dust, etc.) as a 

function of position can be obtained from the light, radio wave, x-ray, etc. emissions.    
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Figure 2.  Example of a spiral galaxy viewed directly perpendicular to the to the plain of the disk. 

 Figure 3 shows the rotational velocity (vertical axis) as a function of the radial distance 

(R) from the galaxy center for a sample of 11 different spiral galaxies. (10)   The rotational 

velocity (V(R)/V(Ropt) (y axis) is plotted as a function of the radial position (R/Ropt) (x axis).  

The velocity and radial position are scaled by the radius representing approximately the outer 

edge of the optically observed stars (Ropt) and the corresponding velocity (V(Ropt)). Although 

there are almost no stars (and, therefore, no visible light emission) at R>Ropt, low density 

baryonic neutral hydrogen (HI) extends out to R of 2 to 3 times Ropt, and its rotational velocity 

can be detected from its 21 cm radio wavelength emission.  
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Figure 3 Experimental rotational velocity (V(R)) as a function of radial position (R) (solid line) for 11 different spiral galaxies.  

The velocity is normalized by dividing by the velocity at a large radius (Ropt) that corresponds to outer edge of the observed 

brightness. The dotted line is the predicted V(R) using Newton’s law and the experimental baryonic mass. 

The dotted line is the prediction of the velocity as a function of R obtained by equating 

the centrifugal force to the baryonic gravitational force and it underestimates the experimental 

velocity at large R by a factor of about 2.  This is a general result, found in all spiral galaxies.  

The error varies from galaxy to galaxy and in some spiral galaxy, the observed mass accounts for 

as little as ¼ the velocity.(11)  I will first discuss how this problem is solved in the conventional 

ΛCDM format and then, at the end of this section, describe the much simpler solution provided 

by MOND.  
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Since the velocity increases as the galaxy mass increases (see below), the only way to 

explain this result, assuming Newtonian dynamics, is to add some CDM.  To fit the observed 

radial velocity curve as a function of radius, this missing CDM must be distributed with the 

appropriate radial density distribution.  The dashed line in fig. 3 indicates the velocity 

contribution of this missing mass.  One can derive an approximate quantitative description of this 

relationship between the rotational velocity and galaxy baryonic mass. Spiral galaxies are 

extremely thin.  For example, the Milky Way has a disk radius of about 100,000 light years, 100 

times greater than its thickness of about 1000 light years. For the galaxies shown in fig. 3, the 

luminosity I (=energy emitted/time), assumed to be approximately equal to baryonic mass 

density ρ(r), decreases approximately exponentially with distance from the center: 

(4)               /

0( ) ( )Dr RI r I e r−=   

Disc galaxies are cylindrically symmetrical.  Because they are not spherically symmetric, the 

Newtonian gravitational force on an object at distance R from the galaxy center cannot be 

determined simply by assuming that all the mass is at the galaxy center.  However, it can be 

shown that this assumption becomes a good approximation at the outer edges of the galaxy (R > 

Ropt), by integrating the force over the entire galaxy mass density eq. (4) from r = 0 to infinity. 

Thus, at large R, the Newtonian gravitational force (FG) on a mass m at a distance R from the 

galaxy center is well described by putting the total baryonic mass (MB) at the galaxy center: 

(5) 2/G BF mM G R   

where G is Newton’s gravitational constant.  

This simple force relation  (eq. (5)), can be used to predict the variation of the rotational 

velocity v as a function of distance R from the galaxy at large distances from the galaxy center.  

Setting the gravitational force (eq. (5)) equal to the centrifugal force Fcent (v=rotational velocity, 

acent = centrifugal angular acceleration = v2/R): 

(6) 
2 2/ /G B cent centF mM G R F ma mv R  

Solving for the rotational velocity v:     

 

(7) /Bv M G R  

Since MB (total galaxy baryonic mass) is constant, as the radial distance R increases, v should 

decrease as 1/ R .  This is only valid at large distances R that enclose nearly all the galaxy 

mass.  The dotted lines in fig. 2 have this distance dependence.  What is experimentally observed 

in fig. 2 is completely different:  the velocity v become constant as R increases, and this is a 

general feature of all spiral galaxies. In order to get the observed velocity versus R curve 

(assuming Newton’s dynamics are correct), it is necessary to add some additional mass (=CDM) 

with the correct density function.  Since the velocity v is proportional M , the fact that the 

observed velocity v is only about one half the experimental velocity at large R in fig. 3 implies 
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that the missing mass must be about 4 times larger than the baryonic mass.  Thus, about 75% of 

the galaxy mass is CDM (this is only a rough estimate, see below). 

 For CDM to explain these experimental rotation curves, it cannot simply be added to the 

observed optical galactic disc region (R<Ropt) because that would still produce the 1/ R velocity 

decrease.  Instead, the CDM must extend far beyond Ropt, out to whatever distance the rotation 

can be measured, and distributed with just the right density to produce this constant velocity 

relation, with a different unique distribution in each different galaxy. Figure 4 shows a specific 

example of the predicted CDM density for galaxy NGC 3198, for which the rotation 

measurements (left panel) extend to large values of R of about 50 kpc (kiloparsec)(12).   The 

right panel shows a plot of the experimentally observed baryon and postulated CDM density 

required to explain the experimental rotational velocity curves. The blue line is the density of the 

luminescent stars that dominates the mass in the inner regions of the galaxy and falls to zero at R 

of about 18 kpc.  The purple line is the baryonic neutral hydrogen (HI) density which is used to 

determine the rotational velocity at large R (detected from radio emissions).  The red line is the 

CDM density (assumed to be spherically symmetric) that must be present to explain the observed 

rotational velocity. Beyond distances of 20 kpc, CDM represents about 99% of the mass density. 

 

Figure 4.  Velocity rotational curves (left panel) and the corresponding baryon (blue and magenta) and hypothetical CDM (red) 

density (right panel) required to explain the rotation for galaxy NGC 3198. (Adapted from Karukes, et. al. (12))). 

The details of galaxy formation in the ΛCDM paradigm require extremely complicated 

theoretical approaches that involve supercomputer calculations with billions of test particles and 

are far beyond the level of this review.  Just enough of the basic elements will be discussed to 

illustrate the difficulty of generating the required CDM density distribution (eg, fig. 4). The 

initial density anisotropy of the universe initiated gravitational contraction that eventually 

produced galaxies and stars. Calculations indicate that the baryonic density of the universe is so 

low that, in the absence of CDM, galaxy formation would be too slow to produce the observed 
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number of galaxies. It is generally accepted that, assuming the framework of classical Newtonian 

and relativistic dynamics, CDM is essential to explain galaxy formation. 

The defining feature of CDM is that it only interacts by gravitation – that is, CDM 

“particles” do not collide, and instead, simply pass through one another.  Thus, although they are 

gravitationally attracted, they cannot condense to form stars because they cannot dissipate their 

kinetic energy by collisions.  CDM can, however, aggregate into large, featureless, high density 

“halos” that then gravitationally attract the baryons that condense to form stars at their center. 

However, first order computer simulations of this process get all the galaxy details wrong. To 

quote Joseph Silk (13), a recognized expert and proponent of CDM galaxy formation: “… all 

studies to date produce too many small galaxies, too many big galaxies in the nearby universe, 

too few massive galaxies at high redshift … too many baryons within the galaxy halos… 

massive galaxies with thin disks and/or without bulges are missing… The resolution to all of 

these difficulties must lie in feedback.”  This “feedback” involves, among other processes, 

supernova explosions that disrupt the dwarf galaxies, leading to formation of larger galaxies.  

The crucial point is that galaxy formation in ΛCDM is an extremely complicated and convoluted 

process, and it is expected that there should only be a weak coupling of CDM and baryons, 

coupling that should vary as a function of galaxy type and size.   

The red line in fig. 4 shows an example of the postulated CDM halo density profile 

required to produce the constant velocity at large R in galaxy NGC 3198. The predicted CDM 

density in the inner, stellar region of the galaxy is about 3 x 10-25 grams/cm3.  Comparing this 

with the average CDM density of the universe (ρD) determined from the CMB discussed above 

(see eq. (2)): 

(8) 
2

30 33
0.256 0.256 2.56 10 /

8
D c

H
x gm cm
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Thus, gravitational forces must increase the CDM density in the galaxy halo by a factor of about 

105 above that in the background universe.  As an aside, fig. 4 also illustrates why this putative 

CDM cannot be detected using solar system gravitational measurements. This density of about 3 

x 10-25 grams/cm3 is, roughly, the CDM density that should fill our solar system.  This is a factor 

of 1021 less than, eg, earth’s gaseous atmosphere.  It is also about 300 times less than the density 

of interplanetary dust, which, itself, is gravitationally negligible.  

 In summary, the ΛCDM explanation of the constant spiral galaxy velocity relation (figs. 

3 and 4) is that galaxies form at the center of large CDM halos, and it is these halos that extend 

far out from the galaxy (eg, red line in fig. 4) and produces the observed rotational velocity. 

There are two serious problems with this explanation.  First, there is no obvious reason why the 

CDM density should arrange itself so that the velocity becomes constant at large R (this is 

referred to as the “disk-halo conspiracy”).  Secondly, and a more serious problem, it will be 

shown in the next section that the constant velocity can be perfectly predicted by the baryonic 

mass. That is, this CDM density must be perfectly correlated with baryonic mass in just the right 

way, which seems highly unlikely given the complex galaxy formation scenario discussed above. 
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 Compared to this complex CDM mechanism required to explain the constant rotational 

velocity at large R, if one assumes the alternative MOND relation (eq. (1)), this velocity relation 

simply drops out.  Equating the baryonic gravitational force to centrifugal force as in eq. (6), but 

using the MOND relation in the limit of very small acceleration (eq. (1)) in place of Newton’s 

second law: 

(9) 
2 4

2 2

0 0

centB
G cent

amM G v
F F m m

R a a R
 

Solving for v: 

 

(10) 4

0f Bv a M G  

Voila, the velocity at large R is a constant, as is observed in all spiral galaxies (vf indicates this 

constant “flat line” velocity).  This is not unexpected because the MOND relation (eq. (1)) was, 

initially, just an ad hoc assumption to explain this velocity relationship.  The critical issue is what 

are the implications and/or problems when this weird relation is applied to other conditions and 

galaxies.  This will be the focus of the rest of this review. 

 

IV.  Experimental predictions of MOND for spiral galaxies 

 MOND makes two dramatic experimental predictions about spiral galaxy dynamics.  The 

first is the Baryonic Tully Fisher Relation (BTFR) which is conventionally referred to as an 

“empirical” relationship between the baryonic mass and the rotational velocities of spiral disc 

galaxies. It needs to be emphasized that the basic MOND relation eq. (1) was originally proposed 

as a simple relation that could explain the constant rotational velocity (vf) at large R, where the 

parameter a0, defined by eq. (10), could vary from galaxy to galaxy as a function of MB. The first 

MOND prediction is that a0 is a universal constant, with the same value for all galaxies, so that 

eq. (10) becomes, by definition, the MOND BTFR relationship between the baryonic mass MB 

and the outer, constant rotation velocity vf for all spiral galaxies.   

 The experimental test of the BTFR prediction of MOND (eq. (10)) is to determine if it 

really is valid for all spiral galaxies and does not have any dependence, for example, on the spiral 

galaxy size or classification. In the context of MOND, eq. (10) is no longer an approximate 

“empirical” relation, but an exact theoretical prediction, limited only by the accuracy of the 

measurements of vf and MB.  The original “empirical” BTFR simply referenced rotational 

velocities somewhere in the outer gaseous regions of the galaxy.  However, for eq. (10) to be an 

exact physical relation, the velocity must be measured at distances where it has leveled off and 

become constant. Lelli et. al. (14) tested this prediction comparing the accuracy (eg, scatter) of 

the BTFR for different velocities. As predicted by MOND, vf (velocity in constant region) 

provided the least scatter in the fit.    
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The quality of the experimental test depends on the experimental accuracy of the 

measurements of vf and MB, both of which are difficult astronomical measurement with large 

experimental uncertainties and errors. The standard plot is a log(MB) vs log(vf) plot of eq. (10): 

(11) log( ) 4log( ) logB f oM v a G  

Figure 5 shows a recent example of such a plot 

compiled by McGaugh, using high quality 

experimental data, that includes 4 different galaxies 

types with MB varying by a factor of a million.(15)  

The solid line has the slope of 4 and intercept 

log(a0G) (using the previously determined a0 of 1.2 

x 10-10 m/sec2 (16)), exactly as predicted by MOND 

(eq. (11). The deviation of the points in the plot 

from the theoretical prediction all fall within the 

estimated experimental errors in the measurements 

of vf and MB. This is a remarkable result. Using just 

the MOND BTFR relation (eq. (11)), a 

measurement of the rotational velocity vf perfectly 

predicts (ie, within experimental error) the total 

galaxy baryonic mass MB for this huge distribution 

of galaxy types and masses with no adjustable 

parameters! Since the slope of this log-log BTFR 

plot was not accurately known when Milgrom 

proposed MOND, this experimental slope =4 is 

another experimental prediction of MOND. 

 McGaugh  has discussed in detail the 

difficulties of explaining this BTFR relationship in terms of ΛCDM.(17)  Even without 

understanding these details, it requires a huge suspension of disbelief to imagine that, during the 

complicated CDM mechanisms of galaxy formation discussed above, which vary as a function of 

type and size, the CDM, which makes up 75% or more of the total galaxy mass and should 

dominate the experimental velocity vf, just happens to correctly arrange itself with exactly the 

right density distribution in every one of these galaxies to fit the prediction of eq. (11) with no 

exceptions. 

 The second experimental test of MOND is a prediction of the Radial Acceleration 

Relation (RAR), which provides a description of the experimental rotational velocity V(R) 

versus R relation for the spiral galaxies illustrated in fig. 3.  Since these curves extend to small 

values of R where the acceleration (a) becomes high enough that eq. (1) is no longer applicable, 

this RAR analysis requires an extension of MOND to arbitrary values of a. First, consider the 

Figure 5BTFR plot for four different galaxy types: Super spirals 

(red), star dominated galaxies (dark blue), gas dominated 

galaxies (blue-green), and local group dwarfs (gray). 
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simple conventional Newtonian dynamics for the gravitational force (F) of a baryonic point mass 

MB on a test mass m at a distance R: 

(12) 

2 2

2

/ /

/

B B

bar B obs bar obs

F mM G R ma M G R a

g M G R g a g g
 

where the new notation of gbar defined as the Newtonian gravitational acceleration produced by 

the baryonic mass MB, and gobs as the actual observed acceleration (a) has been introduced.  This 

equivalence gbar = gobs can be generalized to the case of an arbitrary density distribution of the 

mass, with gbar now defined as the resultant of integrating this gravitational force over the entire 

experimental density distribution.  Using this same notation, the “deep” MOND limit eq. (1) can 

be rewritten as: 

 

(13) 
2

0

0

obs
bar obs bar

g
F m g m g a g

a
 

Milgrom postulated that the MOND limit eq. (13) can be extrapolated to arbitrary acceleration 

using a universal empirical interpolation function ν(x):     

(14) 
0

( )bar
obs bar

g
g g

a
  

where ν(x) is a function of x= gbar/a0 that, in the limit of large acceleration (gbar>>a0), eq. (14) 

reduces to Newton’s law gobs =gbar (eq. (12)), and in the limit of low acceleration (gbar<<a0), eq. 

(14) reduces to the MOND limit 0obs barg a g  (eq. (13)): 

(15) 
0

0
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0
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Equation (14) is the general MOND definition, valid for all values of acceleration.  For spiral 

galaxies eq. (14) predicts that the experimental acceleration gobs and corresponding experimental 

rotational velocity v = obsR g  for all radial positions R should be uniquely determined by the 

experimental gravitational force of the baryonic mass (gbar) at R, and this functional relation 

should be the same for all spiral galaxies.   
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     McGaugh and Lelli (18) tested this prediction by experimentally determining gbar(R) and 

gobs(R) at different radial positions R in spiral galaxies (fig. 6).  Determination of gbar(R) requires 

integration of the baryonic gravitational force contributions from all the mass in the galaxy, a 

difficult calculation that requires accurate 

astronomical measurement of the galaxy mass as a 

function of position. Figure 6 shows a log(gobs) vs 

log(gbar) plot of their results for 2693 individual 

points from 153 spiral galaxies. The faint dotted 

line is the Newtonian prediction (gobs=gbar) which 

the plot approaches at large values of gbar, as 

expected.  The blue shading indicates the spread in 

the experimental points and the orange square are 

the least square fits. As predicted by MOND (eq. 

(14), there is a unique relation between gob and gbar.  

Given the experimental difficulties in the 

estimation of gbar (19), requiring determination of 

the baryonic mass density for the entire galaxy, the 

scatter about the solid line is relatively small and 

within the experimental error of the theoretical 

prediction of the RAR, eq.(14).   

 One might ask, what is the big surprise 

about the RAR?  Don’t you expect gbar and gobs to be related, and we have just found the arbitrary 

function 
0

( )barg

a
  that describes this relation?  The surprise is that the data points fall perfectly 

(ie, within experimental error) on this line.  Since gobs is determined by the total mass which is 

supposed to be 75% CDM, gobs should be a function primarily of the CDM density, not gbar (the 

baryonic density), and there should be a huge scatter in the points about the line in fig. 6.  

This RAR plot provides a direct experimental estimate of the MOND extrapolation 

function ν(x), corresponding to the solid line in fig. 6, which is described by the function:  

(16)                   
1

( )
1 x

x
e

  

It is easy to show that eq. (16) has the correct limiting behavior (ie, eq. (15). 

Figure 6 RAR plot 
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Equation (16) is just an empirical estimate of the 

MOND interpolation function ν and does not have any 

theoretical significance.  Presumably, a theoretical 

expression for ν will appear when the complete 

modified dynamics theory is developed. Equations 

(14) and (16) provide a complete MOND dynamical 

description of the rotational velocity (v2 =Ra=R gobs) 

for all values of the galaxy radius R. That is, not only 

can MOND predict vf, the final constant velocity (ie, 

the BTFR) for the curves in fig. 3, but, if gbar(R) is 

accurately known, it should be able to predict the 

complete velocity curve, with all its bumps and 

irregularities, for all R.  Figure 7 shows a typical 

example.(20)  The MOND prediction (green line) 

nearly perfectly predicts the observed velocity (solid 

circles). The blue line is the Newtonian velocity 

prediction. 

In the framework of ΛCDM, the rotational velocity is determined by the total gravitation 

mass, 75% or more of which is CDM that is only weakly coupled to the baryons. Thus, the 

rotational velocity should be determined primarily by the CDM and have only a poor functional 

dependence on the baryons – just the opposite of what is seen experimentally in figs. 6 and 7.  In 

ΛCDM, the acceleration produced by the total gravitational mass (=gobs) is the sum of the 

gravitational force from the baryonic (gbar) and CDM (gCDM) mass: 

(17) 
obs bar CDM CDM obs barg g g g g g  

Using the RAR (eq. (14): 

(18) 
0/

0

( )
1bar

bar bar
CDM obs bar bar bar g a

g g
g g g g g

a e
  

where eq. (16) was used for ν.  That is, even though gbar is only ¼ that of gCDM, gbar directly 

predicts gCDM and the CDM is perfectly coupled to the baryonic mass.   McGaugh (21) discusses 

in detail why, given the complex ΛCDM models of galaxy formation discussed in Section V, this 

is an unlikely and surprising result.  

Figure 7  MOND prediction using RAR.  The green line is the 

MOND prediction of the experimental velocities (soid circles) 
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Figure 8  Extension of RAR to small value of gbar using gravitational lensing. 

Brouwer et. al. (22) have recently (2021) published a remarkable extension of this RAR 

data to much greater distances R from the galaxies’ center.  Although there is no gas whose 

velocities can be measured at these large distances, one can measure the gobs from the bending of 

light by gravitational lensing and compare it with the predicted Newtonian gbar (≈GMB/R2). This 

extends the measurements out to distances of about 1000 kiloparsec, compared with the gas 

measurements which extend to at most 50 kiloparsec (see fig. 4). Figure 8 shows this new RAR 

plot that more than doubles the range of gbar, with the new data indicated by the black points and 

grey shading,  The results are in nearly perfect agreement with the MOND prediction (eq. (14)).  

The interpolation function in this new range differs slightly from that of eq. (16), but that is 

expected since it is just an empirical fit to the experimental data with no theoretical significance. 

To explain this result in terms of ΛCDM requires that the CDM density (eg, red line in fig. 4) 

must extend out to these huge (≈1000 kiloparsec) distances.  As discussed by McGaugh (23), 

recent ΛCDM models did not expect CDM to extend this far out and were not consistent with 

these results.  In my opinion, this is the single strongest confirmation of MOND.  Not only is it a 

perfect confirmation of a MOND prediction, but it is a prediction that was very unlikely in the 

ΛCDM framework.    

 These two predictions (BTFR and RAR) for spiral galaxies, along with some other 

correlated predictions (20), provide the most convincing quantitative tests of MOND. This 

essentially completes the primary goal of this review, to provide a simple introduction to MOND 

and discuss its major theoretical predictions and successes. This just scratches the surface of 
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what has now become a huge theoretical and experimental subject.(5) The next two sections 

provide a brief overview of some of these additional topics.   

    

V.  Non-relativistic and relativistic theories of modified Newtonian dynamics.   

 In the above discussion, the definition of MOND, valid for all accelerations, is 

summarized by eq. (14) and repeated here: 

(19) 
0

( )bar
obs bar

g
g g

a
  

where gbar is the conventional Newtonian gravitation acceleration determined from integrating 

over all the baryonic mass, gobs is the resultant experimentally observed acceleration, and ν(x) is 

a function that interpolates between the Newtonian (a>>a0) and the deep MOND regime (a< a0) 

(see eq. (15)).  Since equation (19) was used to predict the RAR functional dependence of galaxy 

rotational acceleration gobs(R) from the experimental gbar(R) (figs. 6 - 8) for spiral galaxies, one 

might expect that it could be used to predict the experimental acceleration (= gobs) for any 

arbitrary mass distribution gbar. Wrong! Equation (19) is not a general theory and it is not correct 

for arbitrary mass distributions.   

An indication that something is seriously wrong with eq. (19) is that it does not satisfy 

conservation of momentum.  Consider the simple case of two isolated particles of mass m1 and 

m2 separated by a distance R large enough that the gravitational force that they exert on each 

other is in the deep MOND regime where eq. (19) reduces to eq. (13). The total force Ftot (equal 

to time derivative of momentum p) on the two-particle system is given by: 

(20) 

2 1
1 1 2 2 1 0 2 02 2

1 2
0 1 22

( )

tot tot
tot tot obs obs

dp dv Gm Gm
F m m g m g m a m a

dt dt R R

Gm m
a m m

R

 

The total momentum ptot and velocity are not constant, and the isolated system self-accelerates 

forever!  Bekenstein and Milgrom (24) developed a more general non-relativistic MOND 

formalism that conserved momentum.  They showed that in the limit of planar, cylindrical, or 

spherical symmetry, this general result reduced to that of eq. (19), justifying its application to the 

cylindrically symmetrical spiral galaxy systems.  

      The approach used to develop these more general results is Lagrangian field theory.(7, 25)  

The dynamics are obtained by finding the functional relations that minimize or maximize the 

Lagrangian “action”.  This approach has the major advantage that, if the Lagrangian satisfies 

some spatial and temporal symmetry conditions, then the resulting dynamic equations are 

guaranteed to satisfy energy and momentum conservation. Several such different formulations 

(ie, Lagrangians) of general non-relativistic MOND theory have been developed (eg, AQUAL 
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(24) and QUMOND (26)).  The major condition that they have to satisfy is that they reduce to 

the form of eq. (19) for the cases of cylindrical and spherical symmetry.  

 In classical Newtonian dynamics, the gravitational force per unit mass g(r) at position r 

for an arbitrary mass density ρ(r) is obtained by relating the force g to the gravitational potential 

ϕ(r) which satisfies Poisson’s equation: 

(21) 2 4g G     

These equations are linear.  If you know the force g1 produced by density ρ1 and the force g2 

produced by density ρ2, then the total force produced by ρ1 and ρ2 is g1 + g2. It is relatively easy 

to solve these linear equations numerically for an arbitrary ρ.   

 In the general MOND formulation, the gravitational potential has a non-linear 

dependence on the mass density ρ and the force from different mass densities is not additive.  

This has important physical implications.  For example, consider a galaxy in the presence of a 

constant external gravitational field exerted by the rest of the universe.  For Newtonian 

mechanics, because of linearity, the force at, say, positions r1 and r2 in the galaxy are simply the 

sum (superposition) of the two forces: 

 

(22) 
1 1 2 2( ) ( )gal univ gal univg g r g g g r g  

where ggal and guniv are the forces from the galaxy and universe, respectively.  Note, because the 

field of the universe is constant, it does not depend on position.  When studying galaxy 

dynamics, one is only interested in the relative force on the two positions: 

(23) 
1 2 1 2( ) ( )gal galg g g r g r  

and the field from the universe cancels out and can be ignored.   In MOND, this external field 

does not cancel, and, for a complete solution, one must solve the equations taking account of the 

constant external fields.  This is given the name “External Field Effect” (EFE) and is an 

important prediction and complication of MOND. 

 The EFE provides, potentially, the best criteria for distinguishing between ΛCDM and 

MOND because it is a unique prediction of MOND for which there is no good equivalent in 

ΛCDM.   Chae et. al. (27) have calculated the MOND predictions of rotational velocity curves 

for individual galaxies (eg, see fig. 7) that are subjected to very strong external fields.  They have 

shown that the addition of the EFE significantly improves the predictions. Although this does not 

rule out ΛCDM because the CDM can always be adjusted to fit these curves, this improved fit 

provides a confirmation of one more novel MOND prediction.    

 All the results discussed to this point are clearly in the low velocity, non-relativistic limit.  

However, there are two important reasons that, for a complete theory, MOND must be extended 

to the conditions of general relativity.  The first is that one of the most important experimental 

confirmations of the existence of CDM was that the bending of light rays that pass close to 

galaxies (detected by gravitational lensing) is exactly what is predicted using standard general 
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relativity and the total mass (baryonic and CDM) determined from the galaxy rotational velocity. 

Thus, if MOND is correct and there is no CDM, the modified dynamics must determine not only, 

eg, the centrifugal force on the rotating galaxy gas, but have a similar effect on the passing 

photons, as if CDM was present! The RAR gravitational lensing results of Brower et. al. (fig. 8) 

provides a dramatic confirmation of this. Since gravitational light bending is a general relativistic 

effect, this requires a general relativistic theory of MOND. Such theories have now been 

successfully developed using the Lagrangian approach, adding additional terms, analogous to 

those that Einstein introduced for general relativity. 

 The second reason for requiring a relativistic theory is that a major criticism of MOND is 

that, if it is correct and there is no CDM, then how do you explain the remarkable CMB 

cosmological predictions of ΛCDM (fig. 1) based on the CDM assumption.  If MOND is a 

complete theory, it must be able to duplicate these cosmological predictions of ΛCDM.  

Recently, Skordis and Zlosnik (28) have, apparently, developed such an extension of MOND. 

This result, if correct, is a major achievement, removing the major obstacle for acceptance of 

MOND as a general astrophysical theory. 

 What made MOND, originally, so appealing is the simplicity of its original basic 

assumption, eq. (1).  Unfortunately, these general non-relativistic and relativistic MOND theories 

are complex and no longer in the realm of freshman physics.  Their main significance for the 

general reader is that they show that there is a theory of MOND that reduces to eq. (1) in the 

deep MOND limit and to eq. (19) for cylindrical symmetry and that can duplicate, in principle, 

all the predictions of ΛCDM.  

  

VI. Non-spiral galaxy predictions and tests of MOND. 

 MOND obviously makes numerous astrophysical predictions.  These tests are usually 

more complicated than the spiral galaxy tests, requiring use of the general non-relativistic 

theories discussed in Section V.  This section will present some examples of these tests.  

 The class of galaxies referred to as “dwarf satellite galaxies” differ markedly from spiral 

galaxies.  They are low mass, gas poor, star collections that are in orbit (ie, satellites) of much 

larger galaxies, such as the Milky Way or Andromeda.  Unlike spiral galaxies, where the 

gravitational attraction is balanced by the centrifugal force of the rotational velocity, the motion 

of the stars in dwarf galaxies is random, as in a dilute gas, with the gravitational force balanced 

by the equivalent gas pressure. Because these galaxies are of such low mass, the gravitational 

force is so weak that the dynamics of all the stars are in the deep MOND limit, eq. (1).   

The virial theorem is a general result that relates the kinetic (T) and potential (V) energy 

of any gravitationally bound system: 

(24) 2 0T V  

where <T> and <V> are the time averaged measurements for the total system.  Using, the 

general, non-relativistic MOND expressions for T and V, Milgrom has shown that, in the deep 



20 

 

MOND regime, the virial theorem provides a general prediction relating the galaxy baryonic 

mass (MB) to the velocity dispersion <v2> averaged over all the stars in the dwarf galaxy:  

(25) 
2

2

0

9

4
BM G a v  

where v is the velocity relative to the mean velocity.(29)  This is a general result for an isolated, 

self-gravitating equilibrium system in the deep MOND regime.  What is experimentally 

measured is not the 3-dimensional <v2>, but the 1-dimensional velocity dispersion σ directly 

along the line of sight of observation. If it is assumed that the dwarf galaxies are isotropic then σ2 

= <v2>/3 and eq. (25) can be used to relate σ directly to the galaxy mass MB in the deep MOND 

limit: 

(26) 4

0

4

81
BM G a  

McGaugh and Milgrom confirmed this theoretical prediction within experimental error 

for some dwarf galaxies of Andromeda.(29, 30)   Some of the predictions of σ were actually 

made prior to the experimental measurements.(30)  McGaugh has discussed these results in  

more detail on his blog.(31, 32)  One cannot compare these MOND predictions with that of 

ΛCDM because ΛCDM does not make any specific predictions for these galaxies. Given 

ΛCDM’s flexibility, it can always be adjusted to fit the data.  There is, however, one prediction 

that is absolutely unique for MOND and cannot be duplicated by ΛCDM.  Equation (26) 

assumes that the galaxies are isolated.  However, for some of the galaxies, the “external field 

effect” (EFE, discussed in section V) is of the same magnitude as the internal galaxy field.  For 

ΛCDM (and classical Newtonian dynamics) the EFE should have no effect on the internal 

dynamics and should not affect σ (eq. (26)).  What is experimentally observed is that for the 

galaxies where EFE is relatively large, the measurements differ from the predictions of eq. (26) 

roughly as predicted by MOND. (29, 30) 

ΛCDM model calculations provide detailed predictions of the time course of structure 

and galaxy formation.  Kroupa and colleagues have carried out detailed comparisons of ΛCDM 

predictions with experimental observations.  They have shown that ΛCDM gets many details 

wrong, from the fraction of thin disk spiral galaxies (33), the distribution of satellite galaxies 

around host spiral galaxies (34) and a long list of other problems (35). Although equivalent 

quantitative predictions for a general MOND theory are not available, at least qualitatively, 

MOND seems consistent with these experimental observations.  They have also shown that 

MOND appears to be superior to ΛCDM at explaining very large scale observations, ranging 
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from giant clusters (36) to the huge cosmological scales where voids appear in the universe (5, 

37).   

 

Figure 9 Galaxy clusters. Comparison of the predicted dynamical mass versus the observed star and gas mass for Newtonian 

(left) and MOND (right) dynamics. 

 There is another test of MOND that features prominently in the astrophysical literature 

because it seems to provide the strongest experimental case for the failure of MOND. Galaxy 

clusters are collections of about 100 to 1000 galaxies held together by mutual gravitational 

forces. The earliest evidence for CDM was the 1933 study by Zwicky (38) that found that the 

observed dynamical mass of galaxy clusters was much larger than the observed mass in the 

cluster stars and gas.  Figure 9, taken from a 2002 review by Sanders and McGaugh (39), shows 

a comparison of the Newtonian (left) and MOND (right) predicted dynamical mass versus the 

observed star and gas mass.  If the theories were correct, the experimental points should lie on 

the line of identity.  Newtonian theory underestimates the dynamical mass by a factor of about 5.  

Although MOND can account for some of the missing mass, it still underestimates the dynamical 

mass by a factor of about 2. This failure of MOND to account for all the apparent dynamical 

mass in galaxy clusters is now a generally accepted result.(40)  

 The most famous galaxy cluster is the “bullet cluster” that results from the collision of 

two large galaxy clusters. It has been argued that this provides “direct proof of CDM” because 

the baryonic mass indicated by imaging of the hot gas seems to be spatially separated from the 

CDM mass determined by galaxy lensing. (41)  This is what would be predicted if the baryons of 

the colliding clusters interacted, while the CDM of the two clusters simply passed through each 

other. Although this cluster clearly poses a challenge to MOND, it also poses a special problem 

for ΛCDM because the two clusters are colliding at a much higher velocity than is predicted by 

ΛCDM.  In contrast, MOND, with its higher effective gravitational force, is consistent with these 

velocities. 
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 In modern discussions of cosmology, it is not uncommon to see MOND briefly 

mentioned, only to be dismissed as being ruled out experimentally by references to galaxy 

clusters and, especially, the bullet cluster.(42)  There is no question that MOND underestimates 

the apparent mass in galaxy clusters by a factor of about 2. Although allowing one experimental 

observation to rule out an entire theory is simply bizarre, MOND enthusiasts take this cluster 

discrepancy seriously and have considered its implications.   

As discussed by McGaugh (43), this issue of missing baryons in MOND seems to appear 

at only very large mass scales, eg, galaxy clusters. The simplest explanation is that in these 

clusters there is some form of standard baryons, accounting for about half the total baryon mass, 

that is currently undetectable.  Another possibility is a hybrid model, combing elements of both 

MOND and a form of CDM known as “sterile neutrinos”.(5, 44)  These sterile neutrinos would 

occur only at very low densities that would not alter the spiral galaxy MOND predictions 

discussed above. Unfortunately, a recent deep sterile neutrino search was negative (45-48) and 

this form of CDM is also, at present, undetectable.  

 The ΛCDM model provides the foundation for a detailed description of the evolution of 

the universe from the Big Bang to today and it makes specific predictions about the time course 

of galaxy evolution.  In a recent post, McGaugh (49) discusses how the recently launched James 

Webb Space Telescope (JWST) will provide tests of these predictions, and, possibly, provide 

direct support for MOND.  A basic prediction of ΛCDM is that galaxies start small and grow 

very slowly, through mergers, only reaching the size of the current largest galaxies about 4 

billion years ago, 10 billion years after the Big Bang.  Although galaxy evolution in MOND has 

not been modeled in detail, it qualitatively predicts that galaxies and larger structures should 

form at much earlier times.  These predictions can be tested by looking back in time (ie, large 

distances).  Although the Hubble telescope results already suggest that there are too many large 

galaxies and galaxy clusters at early times, consistent with MOND, this is not conclusive.  

However, JWST, whose primary function is to observe this early universe, may provide a 

definitive test of these two competing predictions.   

VII.  Summary. 

 For someone coming to this subject for the first time, MOND makes a fascinating story.  

Starting with a simple, bizarre modification of Newtonian dynamics (eq. (1)), it makes some 

remarkable predictions about spiral galaxies that are nearly perfectly confirmed experimentally.  

The quantitative precision of the theoretically predicted plots of the BTFR (fig. 5) and RAR 

(figs. 6 - 8) are nearly unique in the field of astrophysics. Although these plots do not provide 

definitive proof for MOND because ΛCDM is a malleable theory that can be made to fit any 

result, they certainly raise serious doubts about the existence of CDM. In addition, this review 

demonstrates that there is now a relatively complete theoretical background for MOND that 

makes many other predictions that affect nearly all of cosmology. 

 The most remarkable aspect of the MOND story is that it is nearly completely ignored in 

the current science teaching and popular science presentations, making this a fascinating subject 

for the sociology of science.  The main obstacle to giving MOND serious consideration is the 
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current attachment of astrophysicists to an apparently highly successful cosmological model 

(ΛCDM).  If MOND is correct, then CDM does not exist and a massive body of work dependent 

on CDM must be discarded.  There is no doubt that in science, the truth will out in time, but it 

will be interesting to see how long that takes. 

Although this MOND/ΛCDM controversy should be the most important unsolved 

problem in physics, there have not been any major scientific projects primarily designed to solve 

it. Despite the difficulties presented by the acceleration range a0 = 1.2 x 10-10 m/sec2 where 

MOND becomes important, there have been some recent experimental proposals.  Banik and 

Kroupa (50) describe a test measuring the acceleration of a spacecraft sent to great distances, and 

Penner (51) proposes making measurements in the Sun-Jupiter saddle point where gravity is 

canceled out.  Although these are just preliminary proposals and may be wishful thinking, they 

are suggestive that, with enough ingenuity and money, experiments will be caried out that will 

definitively settle this question.     
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